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Abstract

We show that, even when the atomic structure of a single-walled carbon nanotube does not have mirror symmetry perpendicular
to the tubule axis, the electron diffraction patterns of the single-walled carbon nanotube always possess 2mm symmetry. We have
also analyzed the contributions of higher order Bessel functions to the intensity distribution on the layer lines and found that (a)
their contributions are negligible and (b) they would not affect the symmetry of the diffraction pattern. Both experimental and sim-
ulated electron diffraction patterns of a single-walled carbon nanotube of indices (14, 9) are presented to illustrate the 2mm sym-

metry and to corroborate the theoretical analysis.
© 2004 Elsevier B.V. All rights reserved.

1. Introduction

Electron diffraction is a very powerful technique for
determining the atomic structure (both diameter and
helicity) of carbon nanotubes [1-9]. Due to the finite size
of carbon nanotubes in the radial directions, the inten-
sity distribution of the electron diffraction pattern from
a carbon nanotube deviates noticeably from that of gra-
phene which gives rise to hexagonal symmetry. The elec-
tron diffraction intensities elongate perpendicular to the
tubule axis and form a set of layer lines normal to the
tubule axis. The elongated intensity distribution stipu-
lates that the electron diffraction pattern from carbon
nanotubes loses hexagonal symmetry. But it has been
observed experimentally that the electron diffraction
pattern of a single-walled carbon nanotube showed
2mm symmetry [2]. This conclusion has recently been
challenged in an analysis based on the analytic solutions
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to the scattering amplitude of electron scattering [10,11],
where the authors argue that the 2mm symmetry usually
does not exist in the electron diffraction patterns of a
single-walled carbon nanotube unless the atomic struc-
ture of the nanotube satisfies some special conditions,
i.e., the crystallographic indices (u, v) are all even [12].
The analytic approach makes use of the additions of
the Bessel functions that appear in the expression of
the scattering intensities.

Since the atomic structure of a single-walled carbon
nanotube generally does not have mirror symmetry per-
pendicular to the tubule axis, it is not obvious to deduce
that its electron diffraction pattern should have 2mm
symmetry from consideration of geometric symmetry
alone. Experimentally, we have examined a large num-
ber of carbon nanotubes of various atomic structures,
and all the diffraction patterns show 2mm symmetry
[13]. In this Letter, we employ analytic expressions,
experimental observations, and numerical simulations
of electron diffraction patterns from single-walled car-
bon nanotubes to demonstrate that 2mm symmetry is al-
ways present in the intensity distribution. In addition,
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we will also examine the effect on diffraction symmetry
under two possible orientations of nanotubes with re-
spect to the incident electron beam as encountered
experimentally: (a) the nanotube is perpendicular to
the incident electron beam; and (b) the nanotube axis
is at a tilt angle § with respect to the diffraction plane
that is perpendicular to the incident electron beam.

2. Theoretical considerations

A single-walled carbon nanotube can be formed by
wrapping up a two-dimensional graphene sheet along
a chosen tubule axis. In terms of crystallographic indi-
ces (u, v), a carbon nanotube can be_defined by its
perimeter vector Cy = ud + vb (@ and b are the basis
vectors of graphene lattice; they have the same magni-
tude a9 = 0.2451 nm and an inter-angle 60°). Using the
cylindrical coordinates (R,®, Z), the scattering ampli-
tude (structure factor) on a layer line / can be ex-
pressed as follows [10]:
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where f'is the atomic scattering amplitude of carbon for
electrons, d is the diameter of the carbon nanotube, c is
the structural periodicity of the nanotube in the axial
direction, J,, is the Bessel function of order n, and
(dl2,¢;,z;) are the cylindrical coordinates of the positions
of carbon atoms of the nanotube. Inserting the atomic
positions for a carbon nanotube (u, v), the scattering
amplitude (Eq. (1)) becomes

Fu(R, @,1) Zf/m n,m)y,,(n,m)J ,(ndR)
X exp [m (dﬁ + 5)}, (2)
where
2
) = 1+ exp 2] ()
u
and
1 — exp[—2mi(n + mv)]

s 1,) = 1 — exp[—2mi(n + mv) /u]

_{u if(n+mv)/u =N ()

10 otherwise,

in which n, m, and [ are all integers that are governed by
the following selection rule applied to carbon nanotube
(u, v) [10]

(u+2v)n + 2(u® + v* +uv)m
uM

I= (5)

with M being the maximum common divisor of integers
(u + 2v) and (2u + v). Egs. (4) and (5) constrain the val-
ues of n, the order of Bessel functions contributing to
layer line /. The electron diffraction intensity from a sin-
gle-walled carbon nanotube is only distributed on the
layer lines that satisfy the selection rule expressed in
Eq. (5), and the intensity distribution of layer line / is
then given by

Lo(R, @, 1) =| F.u(R, @, )] (6)

Under the constraints governed by the selection rule,
all the possible values of #n for one chosen layer line / can
be expressed as follows:

2P(u? 4+ v* + uv
2208 4 w) o

where P are integers that make » also an integer and n
defines the smallest non-negative integer for the chosen
layer line /. On the other hand, since (1 + v* + uv)/M
is always an integer [14], from Eq. (7), we can obtain
that, for any chosen layer line /, the evenness/oddity of
all the orders n of contributing Bessel functions are the
same as ny. As an example, Fig. 1 shows schematically
the diffraction geometry of the major layer lines on
which the principal reflections of graphene reside as
indicated by the apices of the graphene hexagons. If
the helicity of the nanotube is «, as indicated schemati-
cally by the two twisted hexagons in the reciprocal
space, we can derive from the geometry that / is equal
to (2u + v)/M for the layer line indicated by the dark ar-
rows, which requires that ny be equal to —v [15]. Thus, if
v is even (odd), all the possible n along that layer line

n= -—ny—

Fig. 1. Schematic electron diffraction pattern of a single-walled carbon
nanotube with only the major layer lines. The helicity o of the
nanotube is related to the relative twist of the two hexagons
corresponding to the top and the bottom layer of the nanotube. From
the geometry, the layer line number / (indicated by the arrows) is
Qu + v)/M.
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will be also even (odd). In addition, from Eq. (7) we can
see that 2(u* + v* + uv)/ M is usually a very large number.
Since the magnitude of Bessel functions decreases signif-
icantly with the increase of their orders, the diffraction
intensity on a particular layer line is essentially domi-
nated by a single Bessel function of the lowest order
|no|. For example, for single-walled carbon nanotube
(14, 9) whose helicity is 23°, for the layer line I,
ng = —9 and the next contributing Bessel function is
n=797. The magnitude of the first peak for |Jo(x)|* is
more than 20 times of that for |J797(x)|2. Furthermore,
the first peak position along the specified layer line for
(J797(x) 1s 75 times larger than that for Jo(x). Therefore,
the diffraction intensity distribution on the layer line
/=37 for single-walled carbon nanotube (14, 9) is only
modulated by |Jo(x)]* within the range of collection
where significant experimental data are present in the
reciprocal space.

3. Results and discussion

Electron diffraction patterns of single-walled carbon
nanotubes are taken under two conditions: (i) normal
incidence, i.e., the incident electron beam is perpendicu-
lar to the tubule axis, and (ii) inclined incidence, i.e., the
incident electron beam is not perpendicular to the tubule
axis. Since the electron diffraction intensity distributions
are different under the above two conditions, their sym-
metry is discussed separately.

3.1. Normal incidence ( =0°)

When the incident electron beam is perpendicular
to the tubule axis, i.e., f=0° as shown in Fig. 2a
and b, the tubule axis is in the diffraction plane that
intersects the reciprocal space pattern of the nanotube.
Under normal incidence, the dark line in Fig. 2c
(intersection of the diffraction plane and the three-di-
mensional power spectrum of the carbon nanotube
in the reciprocal space) should pass through the center
of the concentric corona representing the intensity var-
iations of a Bessel function. Along the dark line, since
the orders of all contributing Bessel functions n have
the same evenness/oddity, the intensity distribution
(Eq. (2)) on dependence of @& observes the following
relationship

IR, ®+m,1)=IR,®,1), (8)

which is true for all the layer lines in the electron diffrac-
tion pattern. Eq. (8) demonstrates that the electron
diffraction from a single-walled carbon nanotube has
two-fold symmetry about the nanotube axis. Combining
with the inversion symmetry 1 which is governed by the

(a) Incident Electron Beam

AN

Fig. 2. (a) Schematic in real space showing the relative orientation
when the electron beam is incident at a tilt angle f with respect to the
diffraction plane (horizontal). (b) Schematic in reciprocal space
illustrating the formation of electron diffraction pattern from a
single-walled carbon nanotube. The power spectrum of a carbon
nanotube (represented by three sets of coronae perpendicular to the
tube axis) is intersected by the diffraction plane. The tilt angle f in (a) is
reflected as the angle between the tube axis and the black arrow in the
diffraction plane. The layer line spacings in the diffraction pattern are
magnified by a factor of l/cos f. (c) Diffraction coronae on the left
viewed in the axial direction. The horizontal line indicates the
intersection of the diffraction plane and the diffraction coronae with
a distance H = (I/c) tan(f). When the tilt angle f§ is equal to zero, the
intersection passes through the center of the coronae.

Friedel’s law, the electron diffraction patterns of a sin-
gle-walled carbon nanotube under normal incidence will
therefore always have 2mm symmetry.

Fig. 3a shows a transmission electron microscope
(TEM) image of a single-walled carbon nanotube. The
two dark lines correspond to the projection of carbon
atoms in the imaging plane, giving the diameter of this
nanotube to be 1.5% 0.1 nm. An electron diffraction
pattern of this nanotube is shown in Fig. 3b with the
incident electron beam perpendicular to the tubule axis.
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Fig. 3. (a) TEM image of a single-walled carbon nanotube of diameter 4 = 1.5 + 0.1 nm. (b) Electron diffraction pattern of the carbon nanotube. 13
layer lines are visible in the diffraction range of 10 nm~! x 10 nm ™. The helicity of this nanotube is measured to be 23.0° % 0.1° from the three layer
line spacings indicated by arrows. (c) Intensity profile of the enclosed region in (b). Solid line shows the calculated intensity profile. Mirror symmetry
about the tube axis is observed in the experimental electron diffraction intensity profile, though the atomic structure of this nanotube lacks this
symmetry.

In the diffraction range of 10 nm~! x 10 nm ! as shown indicated by the two upper arrows and the central layer
in Fig. 3b, we can observe 13 reflection layer lines. By line, the helicity of this nanotube is determined:
measuring the layer line spacings between the layer lines o =23.0°%£0.1°. Combining the measured diameter
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and helicity, the crystallographic indices of this nano-
tube are found to be (14, 9) — it is a semiconducting
nanotube. The intensity profile on the layer line in the
enclosed region in Fig. 3b is shown in Fig. 3¢, which
shows clearly mirror symmetry about the tubule axis.
The simulated intensity profile is also plotted (solid line)
on the same figure for comparison. The whole electron
diffraction pattern has 2mm symmetry.

3.2. Inclined incidence f # 0°

When the incident electron beam is not perpendicular
to the tubule axis, i.e., § # 0°, the diffraction plane does
not pass through the tubule axis in the reciprocal space
of the carbon nanotube, although it still passes through
the center of the central diffraction coronae [16,17]. The
points of intersection with the diffuse coronae represent-
ing the intensity variations of a Bessel function, depend
on the tilt angle f and the positions of the layer line
planes in the reciprocal space, as shown schematically
in Fig. 2b. Fig. 2c shows the side view of the layer line
plane on the left of the origin and the dark line indicates
the intersection of the diffraction plane and the power
spectrum of the nanotube in the reciprocal space. In
the electron diffraction pattern under inclined incidence,
the diffraction intensity on layer line / is modulated by

Bessel functions of the same orders n as those under nor-
mal incidence as shown in Fig. 2c. However, the scatter-
ing amplitude measured on the diffraction plane is

Ful‘(R) Q) l)

2
=D S tunsm)y,(n,m)J, | nd R2+(ltacnﬁ>

X exXp {in(fp + g)} . 9)

As discussed before, the evenness/oddity of n is the same
for all allowed values. The electron diffraction intensity
therefore also satisfies the following equation for all
layer lines:

IR+ &,1) =I(R, &, ). (10)

The whole electron diffraction pattern of a single-walled
carbon nanotube under inclined incidence also has 2mm
symmetry.

Fig. 4 shows the simulated electron diffraction pat-
terns of the single-walled carbon nanotube (14, 9) under
different incident directions. When the incident electron
beam is perpendicular to the tubule axis (f = 0°), the
simulated electron diffraction intensity shows 2mm sym-
metry, as shown in Fig. 4a. When the tilting angle f is
increased from 0° to 10° (Fig. 4b), the split diffraction

(a)

(b)

(c)

Tube Axis

(d)
Tube Axis

£=20°

B=30°

Fig. 4. Simulated electron diffraction patterns of single-walled carbon nanotube (14, 9) at various tilt angles. (a) f=0°, (b) = 10° (c) f =20°;
(d) p = 30°. Though the intensity distribution varies as the tilt angle changes, the whole diffraction pattern always has 2 mm symmetry.
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intensities across the tubule axis on the layer lines move
towards the tubule axis. At the same time, the layer line
spacings increase by a factor of 1.015 (=1/cos 10°). As
we continue to increase the tilting angle f§ to 20°, shown
in Fig. 4c, the split diffraction intensities on the layer line
move closer toward the tubule axis and eventually merge
into one at the tilt angle f, =0 =tan™'[“ tan(x)] =
26.8°, where n =9 and u,,= 10.7, the value at which Bes-
sel function Jo(u) assumes its first peak [3]. At = 30°,
which is larger than the critical tilt angle f3., the diffrac-
tion plane will not intersect with the first ring of the
coronae as illustrated in Fig. 2¢ and no significant inten-
sity is observed at the position corresponding to the first
major layer line as shown in Fig. 4d. During the process
of tilting, the 2mm symmetry of the whole electron dif-
fraction patterns is retained.

We would like to point out that, in general, the
atomic structure of a single-walled carbon nanotube
does not have mirror symmetry perpendicular to the tu-
bule axis when discrete atoms are located at continuous
helices around the nanotube, even though the projection
of continuous helices does have mirror symmetry about
the tubule axis.

4. Conclusions

Electron diffraction patterns of single-walled carbon
nanotubes will always have 2mm symmetry no matter
if they are placed at normal incidence and inclined inci-
dence with respect to the electron beam. The 2mm sym-
metry is originated from the fact that the diffraction

intensity distribution on any layer line is modulated by
Bessel functions of all even or all odd orders governed
by the selection rules. In addition, on any given layer
line, the reflection intensity is dominated by contribu-
tion that can be described by a Bessel function of a par-
ticular order. Higher order terms are negligible.
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