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A direct method to determine the chiral indices of carbon nanotubes
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Abstract

A direct method is described to determine the chiral indices (u,v) of a carbon nanotube from a nanobeam electron diffraction

pattern of the nanotube with high accuracy. This method is a one-step procedure and allows rapid and precise assignment of the

chiral indices of carbon nanotubes. Using a contemporary electron microscope, we have been able to achieve an accuracy that

enables us to assign the chiral indices unambiguously up to the range of (30,30), corresponding to a diameter of 4.0 nm. Examples

of determination of the chiral indices for two single-walled carbon nanotubes are presented as an illustration of the method.

� 2005 Elsevier B.V. All rights reserved.
1. Introduction

The atomic structure of a carbon nanotube can be de-

scribed by its chiral indices (u, v) that define its perimeter
vector (chiral vector) ~A ¼ ðu; vÞ ¼ u~a1 þ v~a2, where ~a1
and~a2 are the basis vectors of graphene with magnitude

a1 = a2 = a0 = 0.2461 nm and inter-angle 60� as schemat-

ically shown in Fig. 1a. The diameter d and helicity (chi-

ral angle) a of the single-walled carbon nanotube are

given by d ¼ ða0=pÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2 þ uv

p
and a ¼ cos�1

½ð2uþ vÞ=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2 þ uv

p
�. An extraordinary property

of carbon nanotubes is that, depending on its diameter
and helicity, a carbon nanotube can be either metallic

or semiconducting and, therefore, the determination

and eventual control of the chiral indices are of vital

importance to make carbon nanotubes useful in the

envisaged nanoelectronic device applications. In terms

of the chiral indices, when u � v is divisible by 3, the

nanotube is metallic [1,2]; otherwise it is semiconducting

unless its diameter is extremely small when all nanotubes
appear metallic [3].
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It has been a challenge how to assign experimen-

tally their chiral indices ever since the discovery of

carbon nanotubes [4–6]. Many attempts have been de-

voted to the development of experimental methods for
assigning the chiral indices and significant progress

has been made using various analytical techniques

including Raman spectroscopy [7,8], fluorescent spec-

troscopy [9,10], scanning probe microscopy [11,12]

and electron diffraction [13–18]. The spectroscopic

techniques have been able to provide an average mea-

surement over a large number of nanotubes, but there

is still no available technique that offers convenient,
rapid and accurate determination of the atomic struc-

ture of individual carbon nanotubes.

Electron diffraction, especially nanobeam electron

diffraction, has been a powerful technique in determin-

ing the atomic structure of carbon nanotubes. Here, we

report a direct method to determine unambiguously the

chiral indices (u,v) of a carbon nanotube that define its

perimeter, therefore the diameter and helicity, from a
nanobeam electron diffraction pattern of the nanotube

with high accuracy. This method identifies the order of

the Bessel function governing the intensities on the

principal layer lines and is a one-step procedure to al-

low rapid and precise assignment of the chiral indices

mailto:lcqin@physics.unc.edu


Fig. 1. (a) Schematic illustrating the chiral vector ~A ¼ ðu; vÞ ¼ u~a1
þv~a2 on graphene that defines the perimeter of a carbon nanotube. The

rectangle shows projection of an asymmetric unit cell with dimensions

A (perimeter) and c (axial periodicity). (b) Simulated electron

diffraction pattern from single-walled carbon nanotube (17,2). There

are three principal layer lines above and below the equatorial line due

to the principal reflections of graphene. Above the equatorial line, they

are designated as principal layer lines l1, l2, and l3, their intensities are

proportional to |Jv(pdR)|
2 (blue line profile in (c)), |Ju(pdR)|

2 (pink line

profile in (c)), and |Ju + v(pdR)|
2, respectively. (c) Ratios of the peak

positions X1 and X2 on layer line l1 (blue) and layer line l2 (pink) are

identifiers of the orders of the Bessel functions, v and u. (For

interpretation of the references to color in this figure legend, the reader

is referred to the web version of this article.)
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of individual carbon nanotubes. Once the chiral

indices of an isolated pristine carbon nanotube are

obtained, its electronic behaviour, such as being metal-

lic or semiconducting, can be identified immediately in
experiment.
2. Theory

When an electron diffraction pattern from a single-

walled carbon nanotube is formed, two sets of principal

reflections are present in general, appearing as two

twisted hexagonal patterns. One set is due to the top
layer and the other due to the bottom layer, when the

electron beam passes through the single-walled carbon

nanotube. Since the nanotube is periodic in its axial

direction, the scattering intensities show up on a set of

equally spaced layer lines similar to the diffraction pat-

terns obtained from DNAmolecules [19,20]. The scatter-

ing intensity distribution on the layer line of index l can

be calculated precisely from the analytic expression [21]

F ðR;U; lÞ ¼
X

n

BnðR;UÞT nl; ð1Þ

where

BnðR;UÞ ¼ exp½inðUþ p=2Þ�Jnðp dRÞ ð2Þ
describes the cylindrical curvature of the nanotube with

Jn(pdR) being the Bessel function of integer order n,

T nl ¼
X

j

fj exp½2piðnxj=AÞ þ lzj=c� ð3Þ

expresses the planar structure factor of the nanotube in

radial projection with unit cell dimensions A and c (Fig.

1a), respectively, fj is the atomic scattering amplitude for

atom located at (xj,zj) on the radial projection, the sum-
mation over j is done over all atoms in the asymmetric

unit cell, and integer n is determined by the selection rule

l ¼ ½ðuþ 2vÞnþ 2ðu2 þ v2 þ uvÞm�=ðuMÞ ð4Þ
satisfied by any and all possible integer values for m and

M is the maximum common divisor of integers u + 2v

and 2u + v. The intensity distribution on layer line l is

I(R,U, l) = |F(R,U, l)|2. A fortunate fact is that, even

though the selection rule allows multiple orders of Bessel

functions to contribute to a layer line, there is only one
order of Bessel function that dominates the intensity dis-

tribution and all others have negligible contributions

near the vertical axis passing through the origin.

Though the scattering intensities are observable on all

layer lines, as illustrated schematically in Fig. 1b, the

principal reflections of {1 0 0}* type bear the strongest

intensities. These reflections give rise to three layer lines

above and below the equatorial line, respectively. When
the geometry of the electron diffraction pattern is con-

sidered, each layer line is governed by a single Bessel

function of specific order that is related to the chiral

indices of the nanotube [22]. If the three principal layer

lines are designated as layers lines l1, l2, and l3 as indi-

cated in Fig. 1b,c, their intensities are related to the chi-

ral indices u and v by

I l1ðRÞ / jJvðp dRÞj2; ð5Þ

I l2ðRÞ / jJuðp dRÞj2; ð6Þ



Fig. 2. (a) Nanobeam electron diffraction pattern taken at 80 kV of a

single-walled carbon nanotube of diameter 1.4 nm, whose electron

microscope image is shown as inset (scale bar: 2 nm). The chiral indices

were determined to be (17,2) from the intensity profiles of layer lines l1
and l2 using the ratio of its first two peak positions X2/X1 as shown in

(b) and (c), respectively. It is a metallic nanotube of diameter

d = 1.416 nm and helicity a = 5.50�. (d) Nanobeam electron diffraction

pattern of a nanotube (TEM image given in inset; scale bar: 2 nm) of

similar diameter 1.4 nm. Its chiral indices were determined to be (17,1),

which is a semiconducting nanotube with diameter 1.372 nm and
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and

Il3ðRÞ / jJuþvðp dRÞj2. ð7Þ
The layer line corresponding to the (1 1 0) reflections

near the tubule axis has intensity distribution

Il4ðRÞ / jJu�vðp dRÞj2. ð8Þ
The order n of Bessel function Jn(X) can be deter-

mined by examining the positions of its peaks, which

are unique to each Bessel function. An efficient and con-

venient means to determine the orders n of Bessel func-

tions Jn(X) is to examine the ratio X2/X1 of the positions

of its first two peaks located at X1 and X2, respectively,
or any other pair of peaks unique to this Bessel function.

The measurement of X1 and X2 is schematically illus-

trated in Fig. 2c,d, from which the orders of Bessel func-

tions, u and v, can be deduced directly. The chiral indices

(u,v) can therefore be obtained directly by determining

the orders of Bessel functions Jv(X) and Ju(X) with

X = pdR from the scattering intensity distribution on

layer lines l1 and l2, whose intensities are proportional
to |Jv(pdR)|

2 and |Ju(pdR)|
2, respectively. On the exper-

imental diffraction pattern, the positions of the first two

peaks, R1 and R2, can be measured and the ratio R2/

R1 = X2/X1 is independent on the camera length of the

electron microscope at which the electron diffraction

pattern is acquired.

The method allows a rapid and accurate assignment

of the chiral indices (u, v). From the ratios R2/R1 = X2/
X1 measured directly from the electron diffraction pat-

tern, the indices v and u can be obtained from the tabu-

lated values given in Table 1. For Bessel functions J18(X)

and J19(X), for example, the ratios of X2/X1 = R2/R1 are

1.266 and 1.256, respectively, and the difference is large

enough to be identified unambiguously. Using our cur-

rent method, we can obtain the peak positions with a

precision of 0.3%, which allows us to assign the chiral
indices unambiguously up to index 30 or nanotube

diameter up to 4 nm.

For non-helical nanotubes, i.e., zigzag and armchair

nanotubes with crystallographic indices (u, 0) and

(u,u), respectively, overlap of the principal layer lines oc-

curs. For a zigzag nanotube of indices (u, 0), layer lines l2
and l3 overlap with each other and its first principal

layer line (l1) has intensity distribution proportional to
|J0(pdR)|

2 and the second layer line (l2) has intensity

proportional to |Ju(pdR)|
2. For an armchair nanotube

(u,u), the first layer line l1 and the second line l2 overlap

with intensities proportional to |Ju(pdR)|
2 and layer line

l3 falls on the equatorial line.

helicity 2.83�.
3. Examples of application

We have employed this method to determine the chi-

ral indices of single-walled carbon nanotubes produced
by arc-discharge [23]. In order to minimize radiation

damage to the carbon nanotubes, we operated the trans-

mission electron microscope (JEM 2010F equipped with
a field-emission gun) at 80 kV. Nanobeam electron



Table 1

Ratio of positions of the first two peaks, X2/X1, of Bessel function

Jn(X) for order n = 1 to n = 30

n X2/X1

1 2.892

2 2.197

3 1.907

4 1.751

5 1.639

6 1.565

7 1.507

8 1.465

9 1.428

10 1.398

11 1.373

12 1.350

13 1.332

14 1.315

15 1.301

16 1.287

17 1.275

18 1.266

19 1.256

20 1.247

21 1.239

22 1.232

23 1.226

24 1.218

25 1.211

26 1.206

27 1.201

28 1.196

29 1.192

30 1.188

The order n of the Bessel function can be identified from the charac-

teristic value X2/X1 that is unique to each Bessel function.
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diffraction patterns were acquired with a parallel beam

of 20-nm spot size obtained with a 10-lm condenser

aperture and exciting the first condenser lens to maxi-

mum. The nanobeam electron diffraction patterns were
recorded on photographic films, which were later

scanned digitally to acquire more accurate measurement

of the intensity distribution on the concerned layer lines.

Fig. 2a shows a nanobeam electron diffraction pattern of

a single-walled carbon nanotube of diameter about

1.4 nm (high-resolution electron microscope image is gi-

ven as inset with 2-nm scale bar). From the intensity

profiles on the three principal layer lines (l1, l2, and l3),
the ratios R2/R1 = X2/X1 on layer lines l1 and l2 (Fig.

2b,c) were measured to be 2.200, and 1.279, respectively.

The orders of Bessel functions, and thus the chiral indi-

ces of the nanotube, were determined to be v = 2, and

u = 17 (cf. Table 1). Nanotube (17,2) is a metallic nano-

tube of diameter 1.416 nm and helicity 5.50�. Fig. 2d
shows the electron diffraction pattern obtained from an-

other nanotube of similar diameter (image shown as in-
set with scale bar 2 nm). Using the same method, the

chiral indices for this single-walled carbon nanotube

were determined to be (17,1), which is a semiconducting

tubule of diameter 1.372 nm and helicity 2.83�.
When the diameter of the nanotube is large, the ratio

of X2 and X1 for a Bessel function is closer to that of its

neighbors. In this case, layer line l3 can be used as sup-

plementary information to narrow down the choices and

minimize the possible errors. Another useful relation-

ship that can serve the same purpose is

v=u ¼ ð2D2 � D1Þ=ð2D1 � D2Þ; ð9Þ
where D1 and D2 are the spacings from the equatorial

line to layer lines l1 and l2, respectively, as depicted in

Fig. 1b.

The major sources of error of the present method are

from: (a) low signal/noise ratio due to the small number
of atoms in the carbon nanotube and (b) the identifica-

tion of the peak positions in the intensity distribution on

the principal layer lines. The signal/noise ratio can be en-

hanced by applying longer exposure in acquiring the

experimental electron diffraction pattern. Before higher-

resolution CCD cameras become available for acquiring

the electron diffraction patterns directly in the electron

microscope, using a high-resolution scanner to digitize
the diffraction intensity data recorded on photographic

films still offers the best data. The ultimate resolution

for this case is limited by the optical resolution of the

recording film.

This approach can also be applied to the study of

multiwalled carbon nanotubes [24]. However, cautions

must be exercised when there is an overlap of layer lines

from different shells of the same helicity, in which the
oscillations on this particular layer line may be domi-

nated by more than one Bessel function [25].
4. Conclusions

We have described a direct method that allows rapid

and accurate determination of the chiral indices (u, v) of
carbon nanotubes from an electron diffraction pattern.

The electron diffraction intensities on the three principal

layer lines corresponding to the graphite (1 0 0) reflec-

tions are |Jv(pdR)|
2, |Ju(pdR)|

2, and |Ju + v(pdR)|
2,

respectively. By determining the order of the Bessel

function that governs the layer line intensity distribu-

tion, the chiral indices (u,v) can be obtained

unambiguously.
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