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Abstract

The extinction and orientational dependence of electron diffraction from single-walled carbon nanotubes have been observed
experimentally and investigated in detail theoretically using both algebraic analysis and numerical simulations. Electron diffraction
from only achiral carbon nanotubes of zigzag or armchair structure shows observable orientational dependence and extinction of
certain layer lines in experiment due to the interference of two primary Bessel functions of the same order that contribute to the
scattering intensities on these layer lines.
� 2005 Elsevier B.V. All rights reserved.
1. Introduction

Carbon nanotubes possess many novel properties due
to their unique structure. A single-walled carbon nano-
tube can be formed by wrapping up seamlessly a two-
dimensional graphene along a chosen tubule axis [1,2].
The atomic structure of a single-walled carbon nanotube
can be conveniently described by the perimeter vector
~A ¼ u~a1 þ v~a2, or simply by the chiral indices (u, v),
where ~a1 and ~a2 are the basis vectors defined on the
graphene lattice with an inter-angle of 60� and lattice
constant a1 = a2 = a0 = 0.2461 nm. The diameter d and
helicity a of the nanotube can then be expressed as
d ¼ a0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2 þ uv

p
=p and a ¼ tan�1½

ffiffiffi
3

p
v=ð2uþ vÞ�,

respectively. Depending on the chiral indices, a carbon
nanotube can be either metallic or semiconducting
[3–6], which is of great importance in the envisaged
nanoelectronics applications of this material.

Transmission electron microscopy (TEM) has played
an essential role in characterizing the atomic structure of
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carbon nanotubes since their discovery [7]. Although the
diameter of carbon nanotubes can be measured directly
from the TEM images, the helicity usually has to be de-
rived from the electron diffraction patterns [8–16].
Nanobeam electron diffraction, often performed in a
transmission electron microscope equipped with a field
emission gun, has been used in many applications re-
cently to determine the atomic structure (both diameter
and helicity) of carbon nanotubes. The small electron
probe (normally on the order of 10 nm) can analyze
an individual single-walled carbon nanotube with high
accuracy. On the other hand, due to the tubular curva-
ture of carbon nanotubes, the otherwise sharp Bragg
reflections from the graphene structure are elongated
perpendicular to the tubule axis, which can be described
by Bessel functions of various orders as determined by
the selection rule [17]. It has been shown that, for a chi-
ral carbon nanotube of indices (u, v), the scattering
intensity on each of the three principal layer lines is
dominated by a single Bessel function Jn(pdR) of an
order n related to the chiral indices, i.e., n1 = v, n2 = u,
and n3 = u + v, and Il1 � |Jv(pdR)|

2, Il2 � |Ju(pdR)|
2,

and Il3 � |Ju+v(pdR)|
2, respectively [15]. The atomic
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Fig. 1. Schematic of achiral carbon nanotubes: (a) armchair nanotube
of chiral indices (10, 10); (b) zigzag nanotube of chiral indices (18, 0).

Fig. 2. (a) Electron microscope image of a single-walled carbon
nanotube of diameter 1.3 nm. (b) Typical electron diffraction pattern
of the nanotube. The diffraction patterns consist of layer lines in which
the six strongest reflections due to the graphene structure are
discernible. The intensities are elongated perpendicular to the tubule
axis due to its finite radial dimensions.
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structure of every individual single-walled carbon nano-
tube can be determined unambiguously by applying this
technique [16].

There have been several studies reported on the sym-
metry properties of electron diffraction from carbon
nanotubes [18–22]. When the nanotube has a chiral
structure, the electron scattering intensity as seen in an
electron diffraction pattern is not sensitive to the orien-
tation of the nanotube with respect to the incident elec-
tron beam [20]. However, when the nanotube has an
achiral structure, i.e., either the zigzag or the armchair
structure, whose chiral indices are (u, 0) and (u, u),
respectively, as schematically illustrated in Fig. 1, the
electron diffraction intensity will become more sensitive
on the orientation of the nanotube. A simple geometri-
cal argument illustrates this effect clearly when the axial
periodicity of the nanotube is halved at certain specific
orientations [19].

In this Letter, we present a detailed analysis of the
orientational dependence of electron diffraction patterns
of single-walled carbon nanotubes illustrated by both
experimental observations and numerical simulations.
A general formula has also been derived to explain the
orientational dependence for both the zigzag and the
armchair nanotubes.
2. Experimental observation

Fig. 2a shows the TEM image of a single-walled car-
bon nanotube of zigzag structure and Fig. 2b is a nano-
beam electron diffraction pattern of this nanotube, taken
with a JEM 2010F TEM equipped with a field-emission
gun operated at 80 kV in order to minimize the knock-
on radiation damage to the nanotube. The incident elec-
tron beam is perpendicular to the tubule axis. The
approximate diameter of the carbon nanotube can be
measured directly from the TEM image, which is about
1.3 nm. Fig. 2b is a typical electron diffraction pattern of
zigzag nanotube, where the principal layer lines l2 and l3
overlap and the six fundamental reflections due to the
graphene structure show up clearly with significant
intensities. Using the established procedure [15], the chi-
ral indices of this nanotube are determined to be (16, 0),
which is a semiconducting nanotube having diameter
d = 1.253 nm.

Fig. 3a shows the TEM image of another zigzag
nanotube of diameter 1.58 nm. The electron diffraction
pattern of this nanotube is given in Fig. 3b from which



Fig. 3. (a) TEM image of a zigzag nanotube of diameter 1.58 nm. (b)
Electron diffraction pattern of the nanotube of chiral indices (20, 0)
where the extinction of the odd-layer lines (l = ±1, ±3) is shown,
indicated by the arrows.
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the chiral indices have been determined to be (20, 0). A
salient feature of the electron diffraction pattern is the
extinction of the first layer lines, one above and the
other below the equatorial layer line as indicated by
the arrows, whereas the second layer lines show signifi-
cant scattering intensities in the electron diffraction pat-
tern as in Fig. 2b.
3. Theoretical considerations

The electron scattering amplitude from a carbon
nanotube of diameter d can be expressed analytically
by [17]

F ðR;U; lÞ ¼
X
n

exp½inðUþ p=2Þ�Jnðp dRÞ
X
j

f

� exp½ið�n/j þ 2plzj=cÞ�; ð1Þ

where f is the atomic scattering amplitude of carbon
for electrons, c is the periodicity of the nanotube in
the axial direction, Jn(pdR) is the Bessel function of
order n, (R,U, l) are the cylindrical coordinates in the
reciprocal space, and (d/2,/j,zj) are the cylindrical
coordinates of carbon atoms in the real space. In
terms of the chiral indices (u, v), the selection rule that
determines the orders of the dominating Bessel func-
tions is

l ¼ ½ðuþ 2vÞnþ 2ðu2 þ v2 þ uvÞm�=ðuMÞ; ð2Þ
where M is the maximum common divisor of u + 2v and
2u + v, and m is an arbitrary integer that satisfies Eq. (2).
Inserting the atomic positions of carbon atoms in a nano-
tube into Eq. (1), the scattering amplitude becomes [21]

F uvðR;U; lÞ ¼
X
n;m

f vuvðn;mÞcuvðn;mÞ exp½inðUþ p=2Þ�

� Jnðp dRÞ; ð3aÞ

where

vuvðn;mÞ ¼ 1þ exp½2piðnþ ð2uþ vÞmÞ=3u� ð3bÞ
and

cuvðn;mÞ ¼
u; ðnþ mvÞ=u ¼ integer

0; otherwise.

�
. ð3cÞ

For the nanotubes of zigzag structure, i.e.,
(u,v) = (u, 0), the layer line selection rule equation (2)
becomes l = n/u + 2m and the orientational depen-
dence of the scattering amplitude can be further re-
duced to

F u;0ðR;U; l ¼ evenÞ

¼ ði2uf Þ
Xþ1

s¼0

1þ exp i
2pl
3

� �� �
J 2suðp dRÞ

� cos 2su Uþ p
2

� �h i
; ð4aÞ

and

F u;0ðR;U; l ¼ oddÞ

¼ ði2uf Þ
Xþ1

s¼0

1þ exp i
2pl
3

� �� �
J ð2sþ1Þuðp dRÞ

� sin ð2sþ 1Þu Uþ p
2

� �h i
. ð4bÞ

The summation over s is for all non-negative integers.
Since only the Bessel functions of the lowest orders con-
tribute significantly to the total intensities on a layer line
[21], the significant terms in Eq. (4) are the Bessel func-
tions of the lowest orders and we can express the diffrac-
tion intensities as

Iu;0ðR;U; l ¼ evenÞ

� 16u2f 2jJ 0ðp dRÞj2 1þ 2J 2uðp dRÞ
J 0ðp dRÞ

�

� cos 2u Uþ p
2

� �h i	
cos2

pl
3

� �
; ð5aÞ



Fig. 4. Calculated intensity distribution of electron diffraction as a function of azimuthal orientation U of nanotube (20, 0). (a) U = 0�, where
extinction occurs as indicated by the disappearance of the first layer line indicated by the arrows. (b) U = 1.5�. (c) U = 3.0�. (d) U = 4.5�. (e) Overlap
of the experimental electron diffraction pattern (Fig. 2) and the calculated one (a).
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and

Iu;0ðR;U; l ¼ oddÞ
� 16u2f 2jJuðp dRÞj2cos2ðpl=3Þsin2½uðUþ p=2Þ�.

ð5bÞ

The intensity distribution is modulated by both the
dominating Bessel functions and the orientational vari-
able U. For the layer lines of even indices (Eq. (5a)),
the intensity dependence on the nanotube orientation
is weak. However, for the layer lines of odd indices
(Eq. (5b)), the layer line intensity distribution is modu-
lated by sin2½uðUþ p=2Þ�, which gives rise to much
stronger dependence on the orientational parameter U
(azimuthal angle) with a periodicity of p/u, though the
angular structural periodicity is 2p/u. Because of this
azimuthal modulation, extinction reflections occur at
the following orientations:
Fig. 5. Calculated electron diffraction patterns of armchair carbon nanotub
angular coordinate U. (a) U = 0� or 6�. (b) U = 3�. (c) U = 9�. (d) U = 12� whe
arrows.
Uext ¼
Np=u ðu ¼ evenÞ;
ð2N þ 1Þp=ð2uÞ ðu ¼ oddÞ;

�

N ¼ 0; 1; 2; . . . ; ð2u� 1Þ. ð6Þ

There are total 2u orientations in which extinction takes
place with an interval of p/u.

For nanotubes of armchair structure, i.e.,
(u, v) = (u, u), the layer line selection rule is the same
as that for zigzag nanotubes, l = n/u + 2m, and the ori-
entational dependence of the electron scattering intensi-
ties can be obtained similarly

Iu;uðR;U; l¼ evenÞ

� 16u2f 2J 2
0ðpdRÞ 1þ J 2uðp dRÞ

J 0ðp dRÞ
cos 2u Uþp

2

� �
�p
3

h i� 	

ð7aÞ
e (10, 10) as a function of the nanotube orientation specified by the
re extinction occurs. The extinction layer lines (l = ±1) are indicated by
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and

Iu;uðR;U; l ¼ oddÞ
� 4u2f 2J 2

uðp dRÞsin2½uðUþ p=2Þ þ p=3�. ð7bÞ

Like the case for the zigzag nanotubes, the orientational
dependence in the even layer lines are secondary (Eq.
(7a)) and a total extinction occurs on the odd-layer lines
when

Uext ¼
ð3N þ 2Þp=ð3uÞ ðu ¼ evenÞ;
ð6N þ 1Þp=ð6uÞ ðu ¼ oddÞ;

�

N ¼ 0; 1; 2; . . . ; ð2u� 1Þ. ð8Þ

There are also 2u orientations in which extinction occurs
with an interval of p/u.

The orientational periodicity can assist in the deter-
mination of the chiral indices of the zigzag nanotube
(u, 0) and the armchair nanotube (u, u) when the orien-
tational dependence is measured in high precision.
4. Results and discussion

For the zigzag single-walled carbon nanotube (20, 0),
its angular structural periodicity is 18�, and the intensity
distribution is periodic in repetition of 9�. The total
number of extinction orientations is 40 across the cylin-
drical circumference with an interval of DU = 2p/
40 = 9�. Figs. 4a–d show the calculated electron scatter-
ing intensities from the zigzag nanotube (20, 0) at azi-
muthal orientations (projected structure of the zigzag
nanotube is also given in each figure) U = 0�, 1.5�,
3.0� and 4.5�. A total extinction of the odd-layer lines
occurs at U = 0� (Fig. 4a). The calculations and the
experimental observation are in excellent agreement as
indicated in Fig. 4e where the theoretical data
(Fig. 4a) are plotted on the experimental electron dif-
fraction data (Fig. 3).

Fig. 5 shows the calculated electron diffraction pat-
terns of an armchair nanotube (10, 10) at orientations
U = 0�, 3�, 9� and 12�. For the armchair nanotube
(10, 10), the diffraction intensity distribution at U = 6�
is the same as U = 0�. The interval between neighboring
extinction orientations is 18�. Extinction on the odd-
layer lines occurs at U = 12� (Fig. 5d).

The occurrence of extinction is due to the fact that at
certain specific orientations, the periodicity of the pro-
jected structure of the achiral nanotube in the axial
direction is halved. The projected structure with a
halved periodicity at these specific orientations, as illus-
trated in Figs. 4a and 5d, results in the doubling of the
layer line spacings in the reciprocal space [19].

Understanding of the orientational dependence is
very important for a comprehensive understanding of
the electron diffraction patterns from carbon nanotubes
for structure analysis. Electron diffraction patterns can
be obtained either upon normal incidence or upon in-
clined incidence of the electron beam. Since the achiral
carbon nanotubes show significant orientational depen-
dence, upon tilting the 2mm symmetry of the electron
diffraction patterns from an achiral carbon nanotube
may break down [20], although the inversion symmetry
is always preserved. In comparison, electron diffraction
patterns of chiral carbon nanotubes always show 2mm
symmetry in experiment [21]. In addition, the orienta-
tional dependence of electron diffraction from multi-
walled carbon nanotubes is also very useful for
studying the relative handedness of the composing shells
[22,23].
5. Conclusions

The scattering intensities in electron diffraction pat-
terns of achiral (zigzag or armchair) single-walled car-
bon nanotubes show strong orientational dependence
as a result of the interference of two Bessel functions
of the same order on the odd-indexed layer lines.
Extinction of these layer lines occurs at specific orien-
tations of the achiral carbon nanotube relative to the
incident electron beam. The periodicity of orientational
dependence and extinction of the layer lines in the elec-
tron diffraction patterns is related to the chiral indices
of zigzag nanotube (u, 0) and armchair nanotube (u, u)
by p/u.
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