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Introduction



Twistor space / New insights

Twistors
Trees \
Hidden Beautw

Amplitudes N=4,
N=1, QCD

at NLO, Gravity..

+

Simple expressions
for amplitudes

Unitarity



Outline

Quantum gravity from Perturbation Theory

KLT and spinor helicity formalism
Twistor space structure

New techniques for gravity tree amplitudes

Loop amplitudes from Unitarity
N=8 Supergravity
No-triangle hypothesis
New insights? .. 2-loops, 3-loops n-loops ..

— Insights from string theory??



Quantum theory for gravity

Gravity as a theory of point-like interactions

Dimensionful

Non-renormalisable theory!
G\ =1/M2

planck

Traditional belief : — no known symmetry can remove higher

derivative d|vergences.. String theory can by introducing new length scale

Focus: N=8 supergravity — maximal supersymmetry

— Also cancellations in pure gravity as well..



Calculation of perturbative

amplitudes
# Feynman diagrams: Momentum vectors :
Factorial Growth! (P; 7P;)
\ _—

Generic Feynman amplitudes

/ \

Sum over topological  gyterng) polarisation
different diagrams tensors :

(p; 7€) (€; f€))




Amplitudes

Specifying external Colour ordering

polarisation tersrs (€, €;) ;\ ] /

I Sirf1p|ifica*tions/

/
Recursion \
Loop amplitudes

Spinor-helicity (Unitarity,
formalism Supersymmetric
decomposition)




Gravity Trees



Gravity Amplitudes
Expand Einstein-Hilbert Lagrangian :

infinitely £ — / d4$[\/ng}

many
vertices
x QW = 77@1/ =+ K:hp,u
Vertices: 3pt, 4pt, 5pt,..n-pt Feynman diagrams:
Complicated expressions for vertices! not attractive...!
(3) 1 1
ijr()_r’yll{ftgfy(klﬂ k?: kd) = h oyl [ - §P‘}(k1 ' k‘? 77;,5(1771/,6770’;() - Epﬁ(kluklﬁn,uano’y)
1
45 te rmS + ipi(hl ’ k? 77,{;1/77&-;’3?707) + Pﬁ(kl ' k? T};;ﬂﬁyﬂ”{h) + 2133(klr/kl'}"n,u(y(r]ﬁa)

o e Sym — RS(kﬁl._,SkQ,unavna’y) + PS(kﬁl.arkE’ynpuna,ﬁ) == Pﬁ(kﬁl_ark]_’ynpuna,ﬁ)
+ 2ﬂi(kluk2’y77ﬁ;ﬂ]aa) + Q—Pii(klyk%ﬂ]ﬁgn’m) - 2P3(,‘°1 ’ k? 77(_151/77_{307]’)/;1)] )




Gravity Amplitudes

KLT relationship

Not manifest
crossing symmetry

The KLT relationship relates open and
closed strings

Z e'mfb (1T, H Aleft Open(H)A

closed

Yt

[(_\<)uu vy ﬁﬁ] — [(,\_‘{)L pvp ] ®[

KLT not manifestly crossing symmetric — explicit represenijfition : KLT not the simplest

MEee(1,2,3) = —iATee(1,2,3) A (1,2,3),
Miree(1,2,3,4) = —is;p AT(1,2,3,4) AT (1, 2,4, 3) than
Feynman diagrams

M{™*(1,2,3,4,5) =(512530)A5°(1,2,3,4,5)AY*(2,1,4,3,5) +
] (is155DA5*(1,3,2,4,5) A5 (3,1,4,2,5) /

Momentum prefactors cancel double poles Simplicity of YM amplitudes!!

form but better



Spinor
Helicity



Helicity states formalism

Spinor products : (i ]> _ Gmn)\fn)\}]z [i J] _ e”'”i:\’:. X.{

m- n

Different representations of

I
S — O- .
the Lorentz group Paa aaPu

P"Dy =0  Paa = Adha

Momentum parts of amplitudes:

o~

Qua=Wafla Pac = Nada 20+ q) = si5 = — (X, w)[\, fi]

Spin-2 polarisation tensors in terms of helicities,
(squares of those of YM):

CTRE T N gt et




Yang-Mills MHV-amplitudes

(n) same helicities vanishes Tree amplitudes

Alree(1+ 2+ 3* 4+ ) =0 First non-trivial
example,
(M)aximally
(H)elicity (V)iolating
(MHV) amplitudes

(n-1) same helicities vanishes

Atee(1+ 2+ i )= ()

(n-2) same helicities:

Atree(1+ 2+ i- k.. One single term!!

Atree MHV Gjven by the formula \ (] k)4
and proven




Gravity MHV amplitudes

« Can be generated from KLT via YM
MHV amplitudes.

Miree(1=,27,3%,47) =i (12)° 12 =/ Anti holomorphic
(34) N(4) Contributions

ﬂfgree(l_, 2—? 3+, 4+j 5+) — <1 2>8 E(lj\?(as)a 4)/' — feature in gravity

e(i, j,m,n) = dic okl KX KD KD = [i 7] (jm) [mn] (ni) — (ij) [jm] (mn) [ni]

1 "3 "m™vn

recursion formula

M¢(17,27,3%, .-, n™)
n—3 n—1 n—3

= —i(12)% x [15%”__12” — 1 (H H (17 ) H | Kit1n-1]1))

1=1 j=1+2 [=3

+P(2,3,,n—2)




Simplifications from Spinor-
Helicity

sij = — (A w[A, A Huge simplifications
VY (ki ko, ks) = ksyn lPk\kA Lk ks
Loy, )'C"'}f( 1y ko, k3) = K b}lll[— 5 5 (k1 ko T]u_ﬂ-'f}u;a’f)m) D) 6(K1y -1,;3’1“(.1-7)0«/) 45 termS

1
+ EP:;(A:] ko M NapNony) + Po(kr - ko pavotisy) + 2Ps(kiukiypass) + sym
- -P.'%(kllfﬁk?;.-.rr](w(rfrr"f) + P.‘i(klrfk?}-”;w rf(y.ﬁ) + P(i(klr:r]l-'l",f ‘r/;w'r}(.k,(i)
+ QID(J'('l':luk?q-'nﬁp,?'](m) + 2}33(kl.vk‘Z,unﬁJnﬁ,'rr) - 2P5(;‘] ' k? T](.l‘l/n,f)’(}'n"{fi)} )

Vanish}%r helicity formalism
Gravity: | As(17,27,3%)

Contractions ’
— _ Aafla o+ Haa = ¢ C(12)°
“IN ] Y@y A) gt &t 23 31




Scattering amplitudes in D=4

Amplitudes in gravity theories as well as
YM can hence be expressed completely
specifying

The external helicies . \ .
. _ )\’L AZ
e.g.:A(1%,2,3*,4%, ..)

The spinor variables

Spinor Helicity formalism




Note on notation

We will use the notation:

2
K:, a+1 —

(pz ‘|‘pz+1) and ti,j = KE} —

(l]) —Gmnki )\.,Jz ]] mn}'s )\.]

B K 5]l) =

(BTN = (1 [ Kijlk™)

<k|Ki,ij,n|l>=<k‘|KNz+ ZZ (ka) [ab] (b1)
a=1 b=m

Ss—7>F>F

Traces...




Twistor space
Properties



Twistor space

« Transformation of amplitudes « Tree amplitudes in YM on

into twistor space degenerate algebraic curves
SV 0 _Zi . Degree : N-1+L
a 6;&’ (’9)\ lu’(l

* |n metric signature (++--):
2D Fourier transform

A2\ -
D(p) = / 5 exp(ip®A

(2 JPU)

. In twistor space : plane wave Degree : number of negative
function is a line: helicities

d?\
/ (27)2 exp(%u by )eXp(zxaa/\a)\a) _ 52(1&& + 2aa\?)




Collinear and Coplanar Operators

Another way to look at twistor space support..

[Fiji,n) = (i) [a%,n] +(j k) [ai m] + (k) [%m}

k i j

1 ;0 0 ;0 0 . 0 0
K?“» — . . (LbT __ e (LbTT_i_ 1/ a’be
IH 4[@)6 ONE OND (ke ONE ON! i)e ONE DAL
i 0 0 5 0 0 i 0 0
k — + (jl)e®" —— — (kl)e®" — ]
+ () o N oo T M R o

tree MHV

K,ijklA:fee NMHV(l ..... n) =0




Review: CSW expansion of YM

amplitudes

* In the CSW-construction : off-shell MHV-amplitudes building
blocks for more complicated amplitude expressions

Vertex construction $

e MHYV vertices: spin off of twistor support properties
4
V(1,2, r . ST,..., n—1,0Q") = — (Ar; As)
[Lizi Nis Aig1) (An—1, A@)(Aq, A1)
Ay Ao)4
V(,2...r o n—1,Q7) = —— A, Ag)
[Lizt N A (A1, AQ) (Ags A1)




Twistor space properties for gravity

« Twistor-space properties N=8 Supergravity:
More complicated!

AtreeMBV G+ ot p= ¢, .onT) i)~ N=4

T
¢ T 0% (ia + waa A AP NIV (1+ 2% p™ g ) ()

1=

d—functions Signature of non-locality $ typical in gravity

Anti-holomorphic Derivatives of 8- functions
pieces in gravity

amplitudes \ N=38

n
—A"I;,I‘CCNIHV(l_'_a 2+: Tt :'p_a Tt aq_a MR n_’_)(/\?la“?:) ~

/ . 8 y a
d4$P( ! Ol ) H 5 (i + TaagAy)
(19 2:1




Twistor space properties

For gravity : Guaranteed that

Acting with differential operators F and K

FEMIreeMBY (1 n) =0,

for P > 2(n — 3)

Five-point amplitude.

K2 A{;ree googly _ KK;A/[;ree googly — 0

Tree amplitudes : Gravity

4 stree MHV __
Fz’j k A'IG -

5 rtree MHV __
F’ijk: ! 7 -

6 gstree MHV __
R J kﬂ'IS =0

I{?gjuﬂféree (———+++) — 0

Kb Meree ==+ — g

n—2 p stree MHV __
Fi MY — o

~n—3 1 stree NMHV __




Gravity tree properties

MHYV rules for gravity Y

ke / ‘
13
E : + 1
ki, X 5 X X ... X
Py,
k.-
i1

Recursion

A(2)

<

A0) = — Z Res,—.,

Ay — 5\a+25\b
)\b—>)\b—2Aa @




Gravity loops



General 1-loop amplitudes

n-pt amplitude p = 2n for gravity
/ p=n for YM

Vertices

P(l,k,¢€)
carry factors / d4€
of loop %pg “—— Propagators
momentum

(Passarino-Veltman) reduction

Uk -0) = (k—0)?* —¢? "'
/Q/( ) (/v ) i pm’

Collapse of a propagator




No-Triangle Hypothesis

Justified suggestion.......

Ml loop Z e, ]z . .

7/€C ° °
_ Consequence: N=8 supergravity same one-loop
Evidence”? structure as N=4 SYM
True for 4pt
n-point MHV
: opt NMHV (IR
Direct P (IR)
evaluation ~ ©pt Proof
of cuts 7pt evidence

Factorisation suggests this is true for all one-loop amplitudes




No-Triangle Hypothesis by
Cuts

Attack different parts of amplitudes 1) .. 2) .. 3) ..

(1) Look at soft divergences (IR) ii

S 1m and 2m triangles

(2) Explicit unitary cuts

$ bubble and 3m triangles QA

(3) Factorisation
$ rational terms.



Infrared for loops (1)

Gravity IR loop relation :

) > i—i8ijIn(=s;;)
Mon? lOOD(I,Z ..... n) =iCrI{2 X ( =)

" x MT¢(1,2, ..., n)
€ 2€

Compact result for SYM tree amplitudes

Check that boxes gives the correct IR divergences

No one mass and two mass triangles
(no statement about three mass triangles

Checked until 7pt!
/\ x C(1m) =0 /\ x C(2m) =0

/ Ny 71 N




No-Triangle Hypothesis (2)

Three mass triangles

Oy = jg::u/nd4z<512 SIS M ()™ iy,

h; S’

il (—52)_}12)

x C(3m) =0

X ﬂf((lg) ZJ+1, ?;la (_13)_ ,3) X ]W'((l{g) ?'Z—I—Ia ?;'m.—la (_Zl)_hl)

CS — Z Cz(]ﬁ)trlple cut + dSm(IBm)triple—cut

B (1,27}, {3747, {5, 6%)] = 0
dgm[{l_: 4+}= {2_3 5+}: {3_= 6+}] =0

i
dgm
dgm
dgm

ez etk R Gillin s
{17,27},{37,4",57},{6", 7"} =
{17,27,47},{37, 5%}, {61, 7"} =
{17,4%},{27,5%},{37,6%, 7"} =




No-Triangle Hypothesis (2)

Evaluate double cuts
Directly using various methods, x C(bubble) =
|dentify singularities.

[ | |
o — 4
1 1
[ | 1
o . . o @ . ; o
1 1
o ] [ ] [ ] 1 ®
1 1
[ | 1
gy = + -
1 1
SINGLET NON-SINGLET

C’lgzi/d,u Miree((—ll)+, e 2 i (lg)+) X Méree((ll)_,S_,4+,5+,6+, (—lg)_)

where du = d*l;d*1,6™ (126 (12)6W (1, — Iy — k1 — k),




No-Triangle Hypothesis
(3)

No possibility for rational pieces until 7pt..

Bootstrap methods for QCD should work similarly for

the rational parts of N=8

Multiparticle factorisation and other
physical limits such as soft, collinear
makes huge constrains on the possibilities
of having a rational term at (n)pt




No-triangle for multiloops

* No-triangle hypothesis 1-loo _ ,
angie b | P . Possible to obtain YM bound??
» Consequences for powercounting

arguments above one-loop.. D < 6/L + 4 for gravity???

D<10/L +2 \ f
Two-particle cut might miss certain

cancellations Bound might be too conservative!!

lterated two-particle cut
Three/N-particle cut

- Explicitly possible to

N ——

see extra cancellations!




Three-Loop SYM/ Supergravity

* Three-loop four-point amplitude of N=8 supergravity
directly constructed via unitarity.

« The amplitude is ultraviolet finite in four dimensions.

* Degree of divergence in D dimensions at three loop
to be no worse than that of N=4 super-Yang-Mills
theory. Confirms ‘no-triangle hypothesis’ for three
loops.

— Remark: Surprising extra cancellations between diagrams
which are not just ‘triangle-type’..



N=8/N=4 UV pattern

Honest calculation/ conjecture




Explicit cancellations

Field theory limit of lIA and |IB
);K( string theory on a torus
(a) (b)

String theory limit of n-pt function

03¢ 0 Two contributions
,$ 0 m——>  |_imit finite dist between operators (a)  Irred
Pinch interactions (colliding vertices) (b) Red
MEPT = APV EP A 2] 4wt efPH?) (P [,4(2)”"] (@)
.,-'\/I%PR = allElD R(D 2 AifltPR 7T ( ) Zf (i7) H/ dvy, Q4( P, S(vy—1) (b)
177

H/ dv; F() OZ " (v, — 1)

1 =1

Z (ki-k;) [(yi — ) = |y — z/j\]

1<i<j<n




Explicit cancellations

=

ADS =t O S (he k)Gl — ) (b - ) H o= ) hilts- F)
i#3 =1
- tm.F5—%Z(hi.kj)GF(w_;/j)(fg.Ff)—ﬁH.f{[S] ) 5 )
AP = N hihy(ts - B (ts - B i=1
i#]

!:)

MEPT = P P (A R| 4 m 1 ofP ) 1P [ 4]

= m 2

(tm PP -2 ;(m ) Gplvi — 1) (ts - F)
i#]

Ms[l] = PP ~ ¥ 1m Boxes

Mslv] = —wCyP' LY

(flo'F'S— gZ(kz“hj)Gp(I/i—Vj) (ng?)) (HI({:ﬂ)] - Z 1m BoxeS
i#]

Ml = w1 Fi (s F) Y| (- Kpg) (H - Kp)| -~ ¥ 1m Boxes + X Triangles

Potential dangerous terms



Explicit cancellations

/R,]LPI = — IéD} [(;{4 . I{[E]\}(‘i{ﬁ . I‘f[ﬁ])]
! 5 Cancellations of
-3 P [(Z (ks - k;) sign(vs — 1)) (kg - Kpg )] + (4 5) longitudinal modes
i=1 > " g S Kk
1 N L
— SIS (ks - ki)sign(vs — ) (ky - ky)sign(vs —v;)|
ig=1
— (kg - ks) P21 Integrals are given as:
RUPE = Jim lm R = —(ks k) 15701) | 120 H f v, F03) QF " 80, — 1)

IEED} [{Lq . ﬁr[__:.] J(ks - I{[E]J]

1 (D) [ , o ? \

Sum over orderings T3 " hiz (ks - ki) sign(vs — v;)) (ks - K5 }} + (4 < 5)
i=1
Exact Identity 1 5

+ 1 IED) Z (JEIEn . !iﬁz'J Higu(ij_ﬁ — Vi)(lll-'il . 'I‘-'jj 7"’13(_—’,'11[1’4 — v, }}




Explicit cancellations

Now cancellations

4 4
_ ~ ~ Express H and bar H
H = z_; ciki +q.. H = 2{"’5 ki + 4L In basis of momentum vector
T T Only needed
>

beyond D =4

ﬂfﬁ[sz]

Irred part of amplitude

Cancellation of triangles!!
4

M%) > ) e " {(A‘e‘ - Kig)) (k) - Kig \}}

,7=1

Conclusion: no triangles from Irred part of amplitude by cancellations of longitudinal modes
no triangles from Red part of amplitude by supersymmetry



Explainations + things to do

No-triangles
« String based rules

— Field theory limit of string
theory used to generate results.

Hint:

— Gauge symmetry /

+ crossing symmetry !
Link to cancellations at 1-loop and trees

Longitudinal modes

—
* Further investigations no-triangle hypothesis
— 5pt ! 6pt and higher. (String based rules useful)

— Gauge symmetry cancellations at multi-loop level



Conclusions

— More perturbative calculations of loop amplitudes
$ helpful to understand cancellations...

— Will theories with less supersymmetry have
similar surprising cancellations??

According to string based analysis most of cancellations
are in the Irred part of amplitude

— KLT : Gravity ~ (Yang Mills) x (Yang Mills’)
seems to play some role (even at loop level)

although not critical for observed cancellations



Conclusions

The calculation of gravity amplitudes benefit hugely from the use of
new techniques developed for gauge theories.

Both recursion and MHV —vertex formulations for the calculation of
gravity amplitudes exist.

The perturbative expansion of N=8 seems to be surprisingly simple
and very similar to N=4 at one-loop. At three loop no worse UV-
divergences than N=4!

This may have important consequences ..
* Hints from String theory?? Explaination ?7?7?

» Perturbative finite / Non-perturbative completion???
Twistor-string theory for gravity?? — likely if perturbative finiteness holds

Mass-less modes with non-perturbative origin??
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