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BPS-states and wall-crossing I

N = 2 algebra

{QI
α,QJ

β} = 2εαβZ
IJ ,

central charge: Z : (L,CX )→ C, where:

- L: lattice of electro-magnetic charges

- CX : moduli space

BPS states:

- invariant under half of the susy generators,

- their mass satisfies M = |Z (Γ, t)| with Γ ∈ L and t ∈ CX

Supersymmetric index:

Ω(Γ; t) =
1

2
TrH(Γ,t) (2J3)2 (−1)2J3

Is generically a protected quantity.
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BPS-states and wall-crossing II
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Ω(Γ1 + Γ2; t) is only locally constant as function of t; it might
jump across walls where Z (Γ1, t)||Z (Γ2, t).
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BPS-states and wall-crossing III

Wall-crossing formulas:

Primitive:
∆Ω(Γ1 + Γ2; ts → tu) = (−1)〈Γ1,Γ2〉 |〈Γ1, Γ2〉|Ω(Γ1; tms) Ω(Γ2; tms),
Denef, Moore (2007)

Kontsevich-Soibelman formula:

y∏
Γ∈L,Z(Γ,t)∈V

T
Ω(Γ;t)
Γ
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BPS-states and wall-crossing IV

Partition function:

Mixed ensemble:

Z(τ,C , t) =
∑
Q

Ω(P,Q; t) e−2πτ2M(Γ,t)+2πiCAQA

τ2 ∈ R+, CA ∈ Rb2+1
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N = 2 supergravity I

Relevant field content:

vector multiplets:

- U(1) field strengths FA = dCA, A = 0, . . . , b2 sourced by
electro-magnetic charges Γ = (P,Q) ∈ L,

- complex scalars XA

- fermions

Compactification

compactify 10d space-time on a Calabi-Yau
3-fold X (6 real dimensions) =⇒ N = 2
supergravity in R1,3
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N = 2 supergravity II

Properties of X :

- Betti numbers bn = dim Hn(X ): b0 = b6 = 1, b2 = b4, b3,
b1 = b5 = 0

- triple intersection product of 4-cycles: dabc

- Kähler moduli: ta = X a/X 0 = Ba + iJa, a = 1, . . . , b2

- Kähler cone:
CX = {J : Q · J > 0,P · J2, J3 > 0 for Q,P effective}

Charges

Γ = (P0,Pa,Qa,Q0) = D6-D4-D2-D0 branes ∈ H6⊕H4⊕H2⊕H0

Symplectic inner product:
〈Γ1, Γ2〉 = I12 = −P0

1Q0,2 + P1 · Q2 − P2 · Q1 + P0
2Q0,1
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Dualities I

Electric-magnetic duality:

Electric-magnetic duality is a symplectic group Sp(2b2 + 2,Z):
KTIK = I. Acts on the vector multiplets, e.g. KΓ

Large volume limit J →∞: subgroup of translations
K(k) ∼ ka ∈ Zb2

Qa → Qa + dabck
bPc

Q0 → Q0 + k · Q +
1

2
dabck

akbPc

ta → ta + ka

Large gauge transformations C a → C a + ma, also Zb2
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Dualities II

SL(2,Z) duality group:
(

a b
c d

)
, ad − bc = 1

More manifest in IIB supergravity → T-duality on S1
t

How does it act?

τ = τ1 + iτ2 = C0 + iβ/gs

τ → aτ+b
cτ+d , C → aC +bB, B → cC +dB, J → |cτ +d |J

S-duality + EM-duality + large gauge transformations →
Jacobi group SL(2,Z) n (Zb2)2
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Dualities III

Dualities ⇒ modular properties of partition function:

Z(γ(τ,C , t)) ∼ Z(τ,C , t), γ ∈ SL(2,Z)

Z(τ,C + k , t + `) ∼ Z(τ,C , t)

⇒ Partition function is useful to test the compatibility of stability
with duality.
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Single center BPS black hole

Moduli “flow” by attractor mechanism. Ferrara, Kallosh and Strominger (1995)

1Γ

t(Γ)

t

Mass: M = |Z (Γ, t)| Entropy: SBH(Γ) = π|Z (Γ, t(Γ))|2
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Two center black hole

1

1 2

Goal: construction of partition function for such BPS-states.
⇒ test dualities.
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Simplification 1

Large volume limit:

D-branes → coherent sheaves.
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Simplification 2

No D6-branes: P0 = 0

D4-brane wraps divisor in X .

⇒ Z (Γ, t) = −1
2P · t2 + Q · t − Q0
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Single center

Lattice Λ for Qa ∈ H2(X ,Z)

- quadratic form Dab = DabcP
c : H2(X ,Z)⊗ H2(X ,Z)→ Z,

- signature (1, b2 − 1)

- projection to Λ+: Q+ = Q · J/|J|; such that Q2 = Q2
− + Q2

+

Entropy from MSW CFT Maldacena, Strominger, Witten (1997) :

Entropy: SBH = π
√

2
3P3Q̂0̄

Lower bound: Q̂0̄ = −Q0 + 1
2Q2 ≥ −cR/24 ≈ −P3/24

To every black hole center a lattice Λi , index Ω(Γi ) = Ω(Γi , t(Γi ))
and central charge cRi is associated.
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Mass for single center

Mass

lim
J→∞

M(Γ, t) =
1

2
P · J2 + Q2

+ − Q0

=
1

2
P · J2 + Q2

+ −
1

2
Q2 + Q̂0̄∣∣∣∣ Q2 Q · J

Q · J J2

∣∣∣∣ < 0 implies Q2
+ − 1

2Q2 > 0,

⇒ M(Γ, t) bounded from below.
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Mass for 2 centers

lim
J→∞

M(Γ, t) = 1
2P · J2 + Q2

+ − Q0

= 1
2P · J2 + Q2

+ − 1
2 (Q1)2

1 − 1
2 (Q2)2

2︸ ︷︷ ︸
signature (2b2−1,1)

+Q̂0̄,1 + Q̂0̄,2

⇒ not bounded from below for generic Q1 ∈ Λ1, Q2 ∈ Λ2.

Stability

(P1 · Q2 − P2 · Q1) Im(Z (Γ1, t)Z̄ (Γ2, t)) < 0

⇒ Q2
+ − 1

2 (Q1)2
1 − 1

2 (Q2)2
2 > 0

⇒ bounded from below.
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Partition function for single center I

For single center:

Mass bounded from below
⇒ ZP(τ,C , t) =

∑
QI

Ω(Γ) e−πτ2M(Γ,t)+2πiC I QI is convergent.

S-duality/modularity

S : ZP(−1/τ,−B,C + i |τ |J) = τ
1
2 τ̄−

3
2 ε(S)ZP(τ,C , t),

T : ZP(τ + 1,C + B, t) = ε(T )ZP(τ,C , t),
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Partition function for single center II

Electric-magnetic duality

ZP(τ,C , t + k) = (−1)P·k e(C · k/2)ZP(τ,C , t),

ZP(τ,C + k , t) = (−1)P·k e(−B · k/2)ZP(τ,C , t).

Theta function decomposition:

ZP(τ,C , t) =
∑

µ∈Λ∗/Λ hP,µ(τ) Θµ(τ,C ,B),

vector-valued modular form:
hP,µ(τ) =

∑
Q0

Ω(Γ)q−Q0+ 1
2
Q2
, Q ∈ µ+ Λ

Siegel-Narain theta function:
Θµ(τ, 0, 0) =

∑
Q∈Λ+µ(−1)P·Q exp

(
πi(τQ2

+ + τ̄Q2
−)
)
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Partition function for 2 centers I

How to implement:

ΩP1↔P2(Γ; t) = 1
2 (sgn(Im Z (Γ1, t)Z̄ (Γ2, t)) + sgn(〈Γ1, Γ2〉))

×〈Γ1, Γ2〉 (−1)〈Γ1,Γ2〉−1 Ω(Γ1) Ω(Γ2).

Partition function:

ZP1↔P2(τ,C , t) =∑
(µ1,µ2)∈Λ∗1/Λ1⊕Λ∗2/Λ2

hP1,µ1(τ) hP2,µ2(τ) Ψ(µ1,µ2)(τ,C ,B)

Ψ(µ1,µ2)(τ,C ,B) is a combination of a Siegel-Narain theta function
and indefinite theta function
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Indefinite theta function I

Sums only over negative definite lattice points Göttsche, Zagier (1996); Zwegers

(2002):
Θµ(τ) =

∑
Q∈µ+Λ

1
2 (sgn(Q · J)− sgn(Q · P)) exp(2πi τ̄Q2/2)

Dab=−1 0
0 1+

+ -

-

sgn(Q∙J)-sgn(Q∙P)=2

P J

sgn(Q∙J)-sgn(Q∙P)=-2
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Indefinite theta function II

Modular invariant? No, but mock modular invariant.
Θµ(τ)→ Θ∗µ(τ) by replacing

1

-1

O

sgn(x)

with

1

-1

O

2 ∫
0

2 τ 2 x

e−π u
2

du

approaches sgn(x) for τ2 →∞.
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Partition function for 2 centers II

Similarly Ψ(µ1,µ2)(τ,C ,B)→ Ψ∗(µ1,µ2)(τ,C ,B)

⇒ then ZP1↔P2(τ,C , t):

- has same modular properties as ZP(τ,C , t)→ evidence for
compatibility of stability and duality

- is continuous across walls, reminiscent of results by Gaiotto, Moore,

Neitzke (2008); Joyce (2006)
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Flow trees I

Flow trees are schematic representations of supergravity solutions.

t 1

 L

v1

t

 R

vL vR=vRLU

vRL



t 2 t 3 t 4 t 5

v0

Analysis of more complicated BPS objects is possible.
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Flow trees II

- Also the contribution of flow trees with 3 endpoints is
convergent.

- partition functions with manifest S-duality, are generating
functions of

Ω̄(Γ; t) =
∑
m|Γ

Ω(Γ; t)

m2

instead of Ω(Γ; t)

- Ω̄(Γ; t) seem most natural to determine the contribution of
flow trees.
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The end

Evidence is given for:

- the convergence of the BPS partition function in the mixed
ensemble,

- the compatibility of stability and duality

- this also makes the partition function continuous of t

Open problems:

- modularity for N ≥ 3

- relax P0 = 0 and J →∞
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