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» The topology of the diagram is certainly not accurate!
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Twistor space

Twistor space is a copy of CP? with homogeneous coordinates W, = (A4, M")

CP?
(MOa)\O)
[ ]
ILLA/ _ $64A/>\A

Points in space-time are Riemann spheres in twistor space
Points in twistor space are null rays in space-time (really g-planes in complexified space-time)
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Twistor space

Twistor space is a copy of CP? with homogeneous coordinates W, = (A4, M")

N ]
\

As W varies over the Riemann sphere L, in twistor space, the rays sweep out the null cone centered on = in
space-time
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Twistor space

Twistor space is a copy of CP? with homogeneous coordinates W, = (A4, M")

R3! CP’

Lo~ (1, A)

Ly 7
As W varies over the Riemann sphere L, in twistor space, the rays sweep out the null cone centered on = in
space-time

If two twistor [ines int/ersect, their corresponding space-time points are null-separated
pA =24, and A=yt & -yt =0
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The twistor & momentum representations

Twistor space provides a convenient way - the Penrose transform - to describe the general solution of
massless linear field equations such as C¢ = 0.

Momentum space

o) = [ dp e 5(*)B( N
®(\, \) an arbitrary function

O¢ = 0 ensured by restriction to null cone
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The twistor & momentum representations

Twistor space provides a convenient way - the Penrose transform - to describe the general solution of
massless linear field equations such as C¢ = 0.

Momentum space Twistor space

o) = / d'p 677 5(p?)B(A, 3) o) = 74 AN £V,

/

®(\, A) an arbitrary function , . . .
(A A) Y f(W)is (locally) a holomorphic function of weight -2

O¢ = 0 ensured by restriction to null cone
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The twistor & momentum representations

Twistor space provides a convenient way - the Penrose transform - to describe the general solution of
massless linear field equations such as C¢ = 0.

Momentum space Twistor space

o) = / d'p 677 5(p?)B(A, 3) o) = 74 AN £V,

®(\, \) an arbitrary function

O¢ = 0 ensured by restriction to null cone

Ly ={(Aa,p™) € CP?: i = 2404}
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The twistor & momentum representations

Twistor space provides a convenient way - the Penrose transform - to describe the general solution of

massless linear field equations such as C¢ = 0.

Momentum space

o) = [ dtp e 56O
®(\, \) an arbitrary function

O¢ = 0 ensured by restriction to null cone
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Twistor space

o) = 74 AN £V,
f(W) arbitrary

O¢ = 0 ensured by holomorphy of f(W)

\, afw) of
oxBB B@uB/
and therefore
oO*f B 0*f
BB’ A =A"AB B’
0xBB 0xpp  ~—~—~ 0P Oup
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The twistor & momentum representations

Twistor space provides a convenient way - the Penrose transform - to describe the general solution of
massless linear field equations such as C¢ = 0.

Momentum space Twistor space
o) = [ atp & 5520003 o) = PN FOV)Le,
®(\, A\) an arbitrary function f(W) arbitrary
O¢ = 0 ensured by restriction to null cone O¢ = 0 ensured by holomorphy of f(W)

» Both representations have easy generalisations to other helicities

DA — Aa--ApDP(AA) OF Aar---Ap®(\N)

_ 0 “half Fourier transform”
Foo(W) — Aa - Ap fana(W) OF T fon—a(W)
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The twistor & momentum representations

Twistor space provides a convenient way - the Penrose transform - to describe the general solution of
massless linear field equations such as C¢ = 0.

Momentum space Twistor space
o) = [ atp & 5520003 o) = PN FOV)Le,
®(\, A\) an arbitrary function f(W) arbitrary
O¢ = 0 ensured by restriction to null cone O¢ = 0 ensured by holomorphy of f(W)

» Both representations have easy generalisations to other helicities
/ 0?2
= VS —
T O aona
» Off-shell, either drop restriction to momentum null cone, or drop holomorphy requirement

» Twistor space makes conformal properties manifest - cf K44’

®'(p) vs f(W, W) = Twistor theory more complicated off-shell
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Twistor theory makes intimate use of null separation, so (with hindsight!) it's not surprising that it’s better suited to
on-shell methods for calculating amplitudes than to a traditional approach based on Feynman diagrams.

There are two other places where on-shell methods play a primary role:

Modern recursion relations / generalised unitarity methods —
String theory

The first hint of a relation between twistors and some form of string theory came from
Nair, who noticed that MHV amplitudes are supported on a twistor line.
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Twistor theory makes intimate use of null separation, so (with hindsight!) it's not surprising that it’s better suited to
on-shell methods for calculating amplitudes than to a traditional approach based on Feynman diagrams.

There are two other places where on-shell methods play a primary role:

Modern recursion relations / generalised unitarity methods
String theory

The first hint of a relation between twistors and some form of string theory came from
Nair, who noticed that MHV amplitudes are supported on a twistor line.

Witten used Nair’s observation as the basis of his twistor-string theory, in
which NK2MHV amplitudes are supported on holomorphic twistor curves

of degree
d=k—-1+g
and genus
h<g
at g-loops.
AMWox) = g () 4 X L9 (0) ..+ XX

x(o) e C* x HY(Z,L)  where £ =W*O(1)
k=h"(%,L) =deg(L)+1—g generically
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Twistor-string theory

The twistor-string can be interpreted as a twisted (0,2) modelV#s°". P51 The path integral is
similar to that of the heterotic string and gives

dp ———= exp | — +i| B
/ det (aW*(NCUP”E* )) 2T C

Worldsheet map W : ¥ — PT™ and worldsheet (0,2) gravity
dct'(éTE)det’(@w*@w)) B det’ (01 ) B 1

det/(AW*(Tm*)) B det’ (a Tw*)) a det/(5W*(Nc|mr*))
since 0 — O — C** x O(1) — Tpp- — 0

and 0— Ty — W*Tpps — W*Nepp- — 0
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Twistor-string theory

The twistor-string can be interpreted as a twisted (0,2) model . The path integral is
similar to that of the heterotic string and gives

Left-movers
(E — PT™ a holomorphic v.b.)

d = exp | — +i | B
/ et O verm) ar e
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Twistor-string theory

The twistor-string can be interpreted as a twisted (0,2) model . The path integral is
similar to that of the heterotic string and gives
Area of curve

d — exp(———+1[ B
/ et O verm) ar e

NS B-field
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Twistor-string theory

The twistor-string can be interpreted as a twisted (0,2) modelV#s°". P51 The path integral is
similar to that of the heterotic string and gives

d _ — B
/ H et Omvon) 2\ T2 T,

Ncpr+

Integral over space M, o(PT*,d) of zero-modes, of (virtual) dimension 4d.

c.f. 2875 isolated lines on Q5 C P*
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Twistor-string theory

The twistor-string can be interpreted as a twisted (0,2) model . The path integral is
similar to that of the heterotic string and gives

/d,u deE’(éw*E) exp (—M—H/ B)
det/(aW*(NC\IP’T*)) 2T C

As usual, vertex operators correspond to infinitesimal deformations of background structure.
These are

E —-PT* < HYPT*,EndE) < N =4 SYM multiplet

/
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Twistor-string theory

The twistor-string can be interpreted as a twisted (0,2) modelV#s°". P51 The path integral is
similar to that of the heterotic string and gives

/d,u deEI(éW*E) exp <—M—l—i/ B)
det/(ﬁW*(NCHP’T*)) 2T C

As usual, vertex operators correspond to infinitesimal deformations of background structure.
These are

E —-PT* < HYPT*,EndE) < N =4 SYM multiplet

C—str &  HYPT*, Tpr+) < N =4 sd conformal sugra multiplet

Flux H=dB < HY(PT* Q%) < N =4 asd conformal sugra multiplet (!)

Twistor-string theory contains conformal supergravity =eovis. Witen and is therefore (probably) non-unitary.

At tree—level one can “extract” the pure SYM piece by hand[V\/itten; Roiban, Spradlin, Volovich; Dolan, Goddard; Vergu]

/ dp Indet’ (Ow-r) ... but at loop level the situation looks bleak.

/\/‘

guarantees only single-trace contributions
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Generalised unitarity & leading singularities

Although twistor-string theory itself is badly behaved, it led to a resurgence of interest in computing
scattering amplitudes using unitarity-based methods 2™ Pxon, Kosower many ofhers],

not present in N' =4 SYM

I~

= E Cijkl X +

>~
?
k

<

s - S
r r

are 1-loop “leading singularities”

1

where T'={peC" : |p’| =|(p+ K1)?| = |(p+ K2)*| = |(p — Ka)*| = ¢}
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Generalised unitarity & leading singularities

Although twistor-string theory itself is badly behaved, it led to a resurgence of interest in computing
scattering amplitudes using unitarity-based methods 2™ Pxon, Kosower many ofhers],

I~

= E Cijkl X +

The leading singularity method!= chbinder Cachazo, DS, Spradin, Volovieh, Wenl conjectures that all coefficients of
similar higher-loop expansions can be fixed in the same way.

P
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Generalised unitarity & leading singularities

Although twistor-string theory itself is badly behaved, it led to a resurgence of interest in computing
scattering amplitudes using unitarity-based methods

I~

= g Cijkl X +

The leading singularity method conjectures that all coefficients of
similar higher-loop expansions can be fixed in the same way.

YM amplitudes have universal IR divergence structure ( s;j‘f/e2 at 1-loop in dim reg). The individual
boxes have different IR properties, so their coefficients have to satisfy many constraints. One such
constraint recovers the tree amplitude - realising this led to the BCF(W) recursion relations.
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All tree amplitudes in N =4 SYM

By combining BCFW recursion with dual superconformal invariance, last year Drummond & Henn were
able to obtain all n-point tree amplitudes in maximal SYM (and hence in pure YM).

Their solution is

(S ) )
ANty = T3y )

(0)
'ANMHV ANy X E : Ro;ab
2<a,b<n

(aa—1)(bb—1)0%" ((n|zpaas|0on) + (M| TnsTalOan))

R,.ap =
e 22, (n|TrpTre|a) (n|Tnp@pa|a—1) (n|2naTap|b) (N|Tnaap|b—1)

where i == pi; +pit1+ -+ pj1

and 1917 =N+ + )\j—lnj—l

R,,.qp i invariant under both dual superconformal and (on the support of Al(v(;)Hv)
usual superconformal transformations
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All tree amplitudes in N =4 SYM

By combining BCFW recursion with dual superconformal invariance, last year Drummond & Henn were
able to obtain all n-point tree amplitudes in maximal SYM (and hence in pure YM).

Their solution is

PO 0] 0)

MHV ™ (19) ... (nl) more complicated version of R,,.qs

0
‘ANMHV 1(\113/IHVX Z Rnsab

2<a,b<n
(0) 0;a1b1 a1b1;0
‘AN2MHV ‘AMHV X Z R”9alb1 Z Rn;blal;a2bz + Z Rn;a2b2
2<a1,b1<n a1<az,ba<b; b1<az,ba<n
(0) _ 4(0) E :
AN3MHV - AMHV X Rn;a1b1
2<a1,b1<n
E 0;a1bq E 0;b1a1,a2b2 E ’ biai,a2b2;a1b1
Rn;b1a1;a2b2 Rn;blal;b2a2;a3b3 + Rn;b1a1;a353 + z : Rn;a3b3
a1<az,bz<by a1<asz,b3<bs b2<as,b3<b; b1<az,bz3<n
X
a1b1;0 O;azbg a2b2;0
+ Z Rn;azb2 Z Rn;b2a2;a3b3 + Z Rn;a3b3
b1 <az,ba<n az<as,b3<bo ba<asz,bz<n

etc.

Thursday, 12 November 2009 10



All tree amplitudes In twistor space

It's interesting to look at the twistor space support of this expression for the tree amplitudes. This
can be done either by translating the BCFW recursion procedure into twistor space or by
translating the Drummond & Henn solution directly

Of course,

and you might expect that the N<°MHV terms are each
supported on curves of degree

d=k—1
using Witten’s formula at genus zero.

The true story is even more interesting...

Thursday, 12 November 2009
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All tree amplitudes In twistor space

0
"41(\/[%{\/' —

0
Ay

At NMHV we find a (reducible) degree 3 curve of genus 1, in agreement with the prediction d =k — 1+ g.
In fact, it’s well-known that this term also arises as a 3-mass box coefficient and so “knows” about 1-loop.

Thursday, 12 November 2009
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All tree amplitudes in twistor space

0 0
Al(\/I)HV - 'Al(\/[)HV

At N°MHV there are two types of term.

The first is

(0) 0;a1b1 _
AMHVRn;al b1 Rn;bl ai;asbe

Thursday, 12 November 2009 13



All tree amplitudes in twistor space

RO albl

(0) (0) _ (0)
AMHV = AMHV n;ab — 'AMHV n;a1b1 by aq;a0bs T

At N°MHV there are two types of term.

while the second is

(0) bia1;0
AMHV nalban;ang -

Thursday, 12 November 2009 14



All tree amplitudes In twistor space

(0) 0;a1b _
AMHV nalblR o -

0) _ (0) _
‘AMHV — AMHV n;ab — n;biai;azbs

These N°MHYV terms localise on (reducible)
degree 5, genus 2 curves, again in
agreement with the twistor-string prediction

d=k—14g
for two loops.

(0) bia1;0
‘AMHV nalban;Gsz -

The general story holds: each term of an
NKk-2MHV tree amplitude localises on a degree
2\ d=2k—1

curve of genus g = k.
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Tree amplitudes & multi-loop leading singularities

Why should these contributions to the tree amplitudes know anything about multi-loops?
Because they’re really leading singularities!

For example, consider the N°MHV term

(0) 0;(1161
AMHVRn§a1b1 Rn;bl ai;asbay

Intersecting lines in twistor space

The twistor support tells us which channel to consider in momentum space: imply null separation in
(possibly complex) space-time

1 ',“,1_1

n—l by

Thursday, 12 November 2009
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Tree amplitudes & multi-loop leading singularities

Why should these contributions to the tree amplitudes know anything about multi-loops?
Because they’re really leading singularities!

For example, consider the N°MHV term

(0) O;a1b1
AMHVRn§albl Rn;bl ai;asbay

The twistor support tells us which channel to consider in momentum space:

1 ',“,1_1

It's easy to check directly what this leading singularity actually
is, and one indeed recovers Al(\g)HV - RUa1b1

n;biay;azbz”

b1—1 bo

n—l by
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Here is the twistor support of each term contributing to the n-particle N3MHV tree. Once again, each one has its
own identity as a leading singularity of the 3-loop N3MHV amplitude in the displayed channel in momentum space.

a2

ba 3

(0) 0; a1b1 O;blalazbg
A HV X Rn a’lban sbraq; agban;blalbzagagb;g

as b2 1
as

a ,
b3 ! _ A(O) % R Ralbl;ORO;a2b2
| h % S TMEY 7501015 n;a2bs T insbraz;ashs
2

1 b b3 ba b

M 1 2. n
_ (0) 0;a1b1 biaiazba;aiby bs /; { 1
- A HV X Rn albl Rn b1a1 asbs Rn;blal;agbg

1
a9 n
a
o >\ j\ . A(O) R Ra1b1,0 Ra2b27
ng \’/ \?7 - MHV X n;a1by Ly, saobs” “njasbs
“ b 53><

A

_ (0) 0;a1b1 a1b1;0
- AMHV X Rn;albl RTL blal,agbzR’l’L;agbg

as
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A Grassmannian interlude

The Grassmannian conjecture states that all leading singularities of planar
N<2MHV amplitudes (at arbitrary loop order) can be obtained as residues of the contour integral

L2, R)23. kD) (L. h1) g i = CriY,

P r=1 i=1

around a contour localising on some codimension (k — 2)(n — k — 2) cycle in G(k,n).

011 012 cee Cln
Co1 Caz Y Can is a k x n matrix and defines a k-plane C' C C"
Om Ck;g T Ck:n
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A Grassmannian interlude

The Grassmannian conjecture states that all leading singularities of planar
N<2MHV amplitudes (at arbitrary loop order) can be obtained as residues of the contour integral

f Dk(n—k)c /H d4|4Y H 54|4 W C Y)
(1,2,...,k)(2,3,...,k+1)---(n,1,...,k—1) e

1=1

around a contour localising on some codimension (k — 2)(n — k — 2) cycle in G(k,n).

To see how it works, it’s helpful to look at an analogous formula in momentum twistor space

where dual superconformal invariance is manifest.

_ 0 1 B !
J =Wy e S =Wy

e A

Penrose transform
800 = NN FW)

Fourier transform

dual superconformal invariance

!

Twistor space momentum twistor space

_ iyAAl>\/

space-time

A

superconformal invariance | g(o) = [ d*xe*
el T P 3(0) / X&)

S\ A) =
/ e g (W/ M 7

Yi—=VYit1 =P

Thursday, 12 November 2009
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A Grassmannian interlude

The Grassmannian conjecture//an-Hamed, Cachazo, Cheung, Kaplanl states that all leading singularities of planar
N<2MHV amplitudes (at arbitrary loop order) can be obtained as residues of the contour integral

f Dk(n—k>c /ﬁ d4|4Y f[ 54|4(W —C Y)
(1,2,...,k)(2,3,...,k+1)---(n,1,..., k—1) e Tl Lo

9 g oo e

around a contour localising on some codimension (k — 2)(n — k — 2) cycle in G(k,n).

To see how it works, it's helpful to look at an analogous formula in momentum twistor spacelod9es: Mason, bsl
where dual superconformal invariance is manifest.

In particular, for NMHV we have G(k,n) — G(1,n) = P" !, so we should integrate

D 1C o
544 C'W* —5)-di - _
écpn_l Cl02...0n (; > around an (n — 5)-dimensional contour.

Each factor of the contour just sets one of the homogeneous coordinates to zero, so
localises on a smaller projective space.

5914 (xe(b, ¢, d, e) + cyclic)
e(a,b,c,d)e(b,c,d,e)e(c,d,e,a)e(d, e, a,b)e(e,a,b,c)

/ be SO W - CWE) =
g1 COCPCeCICe -

Thursday, 12 November 2009
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The Grassmannian provides a rich source (all?) of leading singularities.

For example, at NMHYV every possible contour choice leads to one of the terms

DY

It Oolne B8

Ao V*i ~»-
N
so all NMHV leading singularities are determined by the NMHV leading singularities at 3 loops
(or 2 loops if n < 10, or 1 loop if n < 7).

Based on looking at the twistor support of “generic” residues in the Grassmannian, we think that
all leading singularities of NPMHV amplitudes are determined in terms of their leading singularities
up to 3p loops (for n > p).

Thursday, 12 November 2009
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Higher loops and multiple covers

How can it be that higher-loop leading singularities are determined in terms of lower-loop ones when, for
fixed NPMHYV, the degree of their twistor support d = p + 1 + g depends on g7

Consider the MHV case. We expect 1-loop amplitudes to be associated with degree 2 maps from a genus
1 worldsheet. There are no degree 2, genus 1 holomorphic curves in twistor space, so (even away from
the boundary of the moduli space) the image of this map must be a double cover of a line.

by, L, C PT*

Likewise, the leading singularities of higher-loop amplitudes map onto the same twistor line configurations

% : 1 R% / but the line components can each be multiply covered.

Thursday, 12 November 2009 20



Leading singularities as stable maps

The intersecting line configurations we’ve seen are naturally interpreted as boundary components of the
moduli space of stable maps.

The boundary components of this moduli space are specified by the dual graph of the source curve
(worldsheet), together with a specification of the degree of the map on each irreducible component.

—

0
For example, represent by o <
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Leading singularities as stable maps

The intersecting line configurations we’ve seen are naturally interpreted as boundary components of the
moduli space of stable maps.

The boundary components of this moduli space are specified by the dual graph of the source curve
(worldsheet), together with a specification of the degree of the map on each irreducible component.

It’s very revealing to draw these dual graphs (labelled by degrees) for maps whose image is a line
configuration in twistor space corresponding to some leading singularity

has dual graph while has dual graph

The momentum space leading singularity channels can equivalently be thought of as the dual graphs of
the twistor-string worldsheet, illustrating the way in which the curve has become singular.
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Twistor-strings revisited

Despite the failings of the original models, the fact that we’re seeing exactly the algebraic curves expected
by twistor-string theory - even at loop level - clearly means something’s right.

But what?

k=h'(2,,0(d
f ( (d))

k n
/ dp T aw, [[doi K (is1,00) tr(evidi(W) A ... AeviAn (W)
r=1 =1

/_/ \ (free fermion) propagator at genus g

top meromorphic form on L4 — Mg,n

Thursday, 12 November 2009
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Twistor-strings revisited

Despite the failings of the original models, the fact that we’re seeing exactly the algebraic curves expected
by twistor-string theory - even at loop level - clearly means something’s right.

But what?
k n
/ dp T[4 w, T dos K(0141,00) tr(eviAi(W) A ... A evhAn (W)
r=1 =1

The path integral is to be treated as a contour integral. To extract leading singularities, we want to be able
to choose a contour that localises the integral on (intersections of) boundary divisors in M, ,, (PT™, d).

As in momentum space, this will be possible provided our contour contains an (S*)®%9, each factor of
which encircles a boundary divisor, and provided the integrand has a simple pole on these boundaries.

Conjecture: twistor-string theory actually gets all-loop leading singularities right.
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Conclusions

There’s recently been much interest in studying the relation of twistor-string theory
to the Grassmannian contour integral.

BCFW terms

K S_ residues from the genus
> zero twistor-string

We propose that, unlike the conjectured equivalencel“ukov. Mot Neitzkel of genus zero twistor-string
theory to MHV diagrams

\_/=

the equivalence to the Drummond & Henn form of the tree amplitudes is more naturally thought of as
a story about degenerations of higher genus worldsheets.

The relations \_/ — g % are really IR equations.
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